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Abstract

Generalizing a method used previously for three-body, four-body and very
recently for five-body systems, we derive a lower bound for the ground state
energy of an N-body Hamiltonian, with arbitrary N. Because the expression of
the lower bound obtained in this way depends on a number of parameters, we
obtain in fact a family of lower bounds, a lower bound for each set of values of
these parameters. The best of these is of course obtained by maximizing over
these parameters and is correspondingly named optimized lower bound. The
set of values of the parameters corresponding to the optimized lower bound
satisfy a number of relations, named universal dynamical constraints, which
result from the application of a dynamical principle and are independent of the
particular form of the potential. For N = 3, 4, 5, they can be worked out in the
most general case. For N = 6 up, they can be worked out only for particular
mass configurations. Furthermore, the optimized lower bound proves to be
saturated in the harmonic oscillator case.

PACS number: 03.65.—w

1. Introduction

The N-body problems are very complicated. Even the most simple of them, that is, the one-
body problem in a central potential or the two-body problem in the case of a translationally and
rotationally invariant potential, are exactly solvable only in a very limited number of cases. The
complexity of the problem grows rapidly with the number of particles N. Even the numerical
resolution, very simple in the case of one-body and two-body problems under the conditions
mentioned above, gets complicated quickly as the number of particles grows, requiring thereby
considerable calculational facilities. An alternative to numerical computations is to focus
oneself on exact results. Among these, exact lower bounds for N-body Hamiltonians occupy
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a particular place. Our goal here is to derive lower bounds for the ground state energies of N-
body systems in the case of non-relativistic kinematics and translationally invariant two-body
forces, i.e., for systems described by Hamiltonians of the form

N N
H=3, zimip? + 2 VP, ()
i=1 i<j=1

where m;, r;, p; stand, respectively, for the mass, the position and the linear momentum of the
ith particle. r;; :=7; —7;,i # j =1,2,..., N. It will be noted that the potential V) from
which the two-body force is derived may depend on the two involved particles. Our procedure
will generalize to arbitrary N optimized lower bounds obtained previously for three-body [1]
and four-body [2-5] cases.

Our work may have applications in various areas of physics and even in quantum chemistry.
We can by no means pretend to be exhaustive here. In the following, let us simply cite some
possible applications in the two domains of nuclear and particle physics. In the framework of
the so-called potential models of hadronic spectroscopy, baryons are considered as three-quark
bound states and the hypothetical multi-quark states, also called exotic hadrons, are treated as
bound states of more than three quarks and/or anti-quarks [6, 7]. To determine the ground state
energy of such hadrons, one often has recourse to variational calculations, such as systematic
expansions on correlated Gaussians [8]. Such computations provide us with an upper bound
for the ground state energy. If we want this upper bound to be accurate, i.e., close to the exact
ground state energy, one must include many terms in the variational calculations. This results
in involved computations. On the other hand, our procedure described hereafter provides one
with an accurate lower bound for the ground state energy. Combining the upper and lower
bounds would result in a framing of the ground state energy. Furthermore in the case of exotic
hadrons, one deals with the important issue of stability. In other words, one has to examine
whether multi-quark states are relatively stable or spontaneously decay via a super-allowed
mechanism into ordinary hadrons, by a simple rearrangement of quarks and/or anti-quarks
[6, 7, 9]. To this end, one has to compare the ground state energy of the multi-quark state
under study with those of its possible dissociation thresholds. One then concludes that the
multi-quark state is stable or unstable according to whether the ground state energy of the
multi-quark is lower than the energies of all its dissociation thresholds or not. Here the lower
bound obtained by our procedure may have a twofold interest: it gives a relatively accurate
approximation to the ground state energy of the multi-quark state and, in addition, if it proves
that such a lower bound is greater than one of the multi-quark dissociation thresholds, one
immediately concludes that the multi-quark state is unstable. Nearly the same situation occurs
for exotic molecules with bosonic constituents [10]. The same central issue of stability is
addressed. The only important difference with the multi-quark states case is the mechanism of
binding. To be more precise, exotic molecules are bound by electromagnetic forces whereas
multi-quark states are bound by strong forces. This results in the case of a systematic expansion
on correlated Gaussians in a slower convergence of the computations as compared with the
multi-quark case (it is a known general feature of the method of systematic expansion on
correlated Gaussians that it works better for smooth than for singular potentials [2], as it
is the case for the Coulombic potential, responsible for the binding of exotic molecules).
All we have said for multi-quark states can be repeated word by word for exotic molecules
with bosonic constituents. Another possible application of our procedure is to the so-called
borromean systems [11], i.e., bound systems with no bound subsystems, which are seen in
nuclear physics. For those systems it is the kinetic energy decomposition, which is (as we will
show below) the starting point of our procedure, that serves to obtain sufficient conditions for
the nonexistence of borromean systems.
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2. Optimized lower bound

Our starting point will be the following decomposition,

N N N N
2 2

> gt = (Lot (20 + 2 aun g

i=1 7 j=1 i=1 i<j=1
of the kinetic part of the Hamiltonian involving the parameters b;, j = 1,..., N, and the
necessary positive parameters a;;,i < j = 1,2,..., N. p;; is a linear combination of the
various momenta py,

Ny
o ijk
pij = kX_lj — P 3)

with the coefficients x;; ; of the linear combination chosen such that r;; and p;; are conjugate
variables of one another, that is, satisfying canonical commutation relations

[rijk» Pije]l = iR e k,£=1,2,3, 4

where 7, and p;; ¢ stand, respectively, for the kth component of r;; and the £th component
of p;;. Replacing the momenta p,; by their expressions, (3), (2) can be rewritten as

N N N Nop (N 2
> mp,z = (> _bip (ZZH) + Y % (inj,kpk> . &)
i=1 ! j=1 i=1 i<j=1 k=1

It will be remarked that the parameters b, a;; and x;; ; are constrained by relations obtained
by identifying both sides of (5). More precisely, the identification of the left-hand side of (5)
with its right-hand side provides N + N (N — 1)/2 constraints. If one remarks that the number
of b; is N and the number of a;; is N(N — 1)/2, these constraints may be used to eliminate
b; and a;; in favour of x;; ;. From now on, b; and a;; are considered as implicit functions of
X;j k- We may, without loss of generality, take x;;; equal to 1 by a redefinition of @;; and of

xjjx fork #i =1,2,..., N. Then imposing the canonical commutation relations (4) one
ends with x;; ; = —1. The decomposition of the Hamiltonian (1) corresponding to (5) is
N N N g (D 2
H=|> bp; (Zpi) + 3 f (ZM,‘,/J%) +Vip(rip) |- (0)
j=1 i=1 i<j=1 k=1

Let |W) be the normalized ground state of the system and E the corresponding energy. We
have

E = (V|H|V)
N N N a (& 2 B
= (V|| D bip; (Zpi)waM f(in,f,kpk) + VD) | 19). ()
j=1 i=1 i<j=1 k=1

Since the ground state |W) is invariant under translation, then

N
<Zp,») W) =o, ®)
i=1

and thus the contribution of the first term on the right-hand side of (7) vanishes. The following
results:

E =

M=

N 2
(| %(qu,kpk> VD) | ), ©)

i<j=I k=1
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But, by virtue of the variational principle,

2
N
a;; y
Sy (inj,kpk) VD) | 19) > Elay ()], (10
k=1
where El(jz) [aij(xk1,m)] stands for the ground state energy of the two-particle Hamiltonian
v 2
a;; .
Hi(jZ)[aij (Xk1.m)] = T] (Z xij,kpk> + VD (ry). an
k=1
It follows that
N
E> Y EQla (). (12
i<j=I

Thus one obtains a family of lower bounds for E, a lower bound

N

> ERlai (xum)), (13)

i<j=1
for each set of values of the parameters xy; ,,. The best of these bounds corresponds obviously

to those values of xy; ,, which maximize Zf\ij:l El(jz) [aij (xt,m)]. The following is called the
optimized lower bound:

N
Eop :=max Y E{[a; (xam)]- (14)

Xklym
i<j=1

3. Universal dynamical constraints

Before pursuing, we find it convenient to introduce the following notation:

_NIN-1) _NWN-1(N-2) Ro - N(N —-1)

Ly: s :
N 2 N 2

5)

When Zf\ijzl El(/z) [ai;(xx1,m)] reaches its maximum with respect to xy; ,, all the derivatives

with respect to xy; ,, must vanish, that is,

i<j=1

=0 m#*k, m#Il, k<l=1,2,...,N. (16)
361,']' Bxk;,m

Since BEi(jz) / da;; are not all zero, the Ly x Cy matrix B with matrix elements 0a;; /0Xk1,m,
where ij and kI, m correspond, respectively, to the line and column indices, must be of rank
Ry at most. This means that every Ly x Ly matrix extracted from the matrix B, by selecting
Ly of its columns, must be of determinant zero. Requiring the matrix B to be of rank Ry
at most will result in Cy — Ry relations between the values of the Cy parameters when the
optimized lower bound is reached. These relations will be referred to hereafter as universal
dynamical constraints, universal because they have the nice property to be independent of
the particular form of the potential, and dynamical since they result from the application of a
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dynamical principle, i.e., the variational principle. Let us now look for the explicit expressions
of a;; as functions of xy; ,,. Identifying both sides of (5) gives

NooxZ, 1
by + kg = —, (17)
ig;‘l 4 T 2my

for the terms in p% and

N

Xk Xie

bk+be+'z — S =0, (18)
i<j=1

for the terms in py « pg, k # £ = 1,2, ..., N. Combining equations (17) and (18), one obtains

a set of Ly linear equations with Ly unknowns a;;, and Cy parameters x;; ,

al 1 1
Cijrere = — + —, 19
Z ket = 5o 2m) (19)
i<j=1
with
Xke,i — Xkt,j :
- ¥ ,
Cijke = (—j) . (20)
2
Equation (19) can be written in the matrix form as
DA = o, Q1)
where ]3 is an Ly X Ly matrix, with 511 = 612'12, ]312 = 612,13, ceey 1321 = 613’12, ey
Dyw-naviv-172 = Cnv—1),n(v—1), that is, using (20),
(X121 — X122)? (X131 —x132)% -+ (n—iv1 — Xv—1n2)?
~ 1 (X121 — x123)? (X131 —x133)%  ++ (n—iv1 — Xv—1n3)?
D:=- . ) ) . (22)
4 : : . :
(xion—1 —x128)* (vt —X138)% o (NN N—1 — XN—1NN)?

A and « in (21) are two column matrices with Ly lines given by

an o2
as o413
A= . , o= . (23)
AN—-1IN ON-1N
with
) 1 1
ij = 2_m, + M 24

The matrix equation (21) can be inverted, thus giving Lya;; as functions of Cyxie m,
A=D"'a. (25)

Needless to say that the analytical inversion of the matrix D in the most general case, i.e.,
for the most general mass configuration, is far from being an easy task. Fortunately, we do
not need the explicit expressions of g;; in terms of the parameters xi¢ , to have access to the
universal dynamical constraints as we will show in the following. Indeed taking the derivative
of (21) with respect to xg¢ ., (M # k, m # £), one obtains, taking into account that ;; do not
depend on x;¢, ,, and after multiplying by D!,

dA ~ , oD

- D A. (26)
0Xke,m 0Xke,m
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Equation (26) shows that the matrix B is minus the product of the inverse of the Ly X Ly
matrix D by an Ly x Cy matrix M

B=-D'M. (27)

The matrix M’ is constructed in the following way: consider the sole column of the matrix
ﬁwhichdepends onagiven xgpm, k <€ =12,.... Nm#km#4E€m=12,...,N,
take its derivative with respect to xx¢ ,, and multipvly the result by a;¢. The column obtained in
this way is nothing but the column of the matrix M’ corresponding to the column index k¢, m.
Equation (27) shows that the rank condition on B is equivalent to the same rank condition on a
simpler matrix M. We can even replace this rank condition on M’ by the same rank condition
on a simpler matrix. Indeed, we know from the properties of determinants [12] that when
a column of a matrix is multiplied by a factor, the corresponding determinant is multiplied
by the same factor. Therefore, the determinant of any Ly x Ly matrix extracted from the
matrix M’ shows in the form of a product of Ly factors a;;, not necessarily all different, by
the determinant of the same square matrix by putting formally all the factors a;; equal to 1.
We may then conclude that the rank condition on the matrix B is equivalent to the same rank
condition on a rectangular matrix M obtained from the matrix M’ by formally putting all a;;
equal to 1. At this point, we are in a position to give a three-step recipe in order to work out
the universal dynamical constraints:

First step: construction of the matrix M. Take the only column of the matrix D which depends
on a given xi, ,, and derive it with respect to xx¢ ,. The result is nothing but the column of
the matrix M corresponding to the column index k€, m. Repeating the process for each k¢, m,
k<t=12,....,Nm#km#{m=1,2,..., N (for example, we may choose to vary
m first, then ¢, and finally k), one constructs the matrix M. It is worthwhile to emphasize that
each column of the matrix D gives rise to N — 2 columns of the matrix M. Therefore, the
columns of the matrix M come in blocks labelled by k¢, each consisting of N — 2 columns
and involving the same number of parameters x;; ,,, namely N — 2 parameters, with given k¢
and varying m.

Second step: choice of the independent parameters. Since we know that the number of
universal dynamical constraints is Cy — Ry, one can take advantage of these relations to
eliminate the same number of parameters in favour of the remaining Ry parameters, which
are considered as independent parameters. Many choices of such independent parameters
are allowed. A choice which we found particularly interesting consists in taking all the
parameters, except one of them, occurring in three blocks. We are then faced with two
possible situations: either the number of parameters selected in this way equals the number of
independent parameters, as in the N = 3 and N = 4 cases, and we have achieved our task, or
the number of chosen parameters is smaller than the number of independent parameters and
we must complete by further parameters taken out of the initially chosen three blocks. This
last situation occurs for N > 5.

Third step: determination of the universal dynamical constraints. Choose Ly x Ly matrices
out of the matrix M by selecting Ly of its columns. For each chosen matrix calculate the
corresponding determinant, write it in a factorized form, and equate it to zero. Then solve for
the dependent parameters in terms of the independent ones. You may obtain more than one
solution. Select the correct one by applying the following two criteria:

o The solution must correspond to the correct limits when the system exhibit symmetries—
for instance, all the parameters must be equal to zero in the equal mass case.
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e The parameters chosen as independent parameters in step 2 must be treated as independent
parameters in the sense that an expression containing only independent parameters cannot
be set to zero.

The minimal number of matrices to be considered in this step is the number of
universal dynamical constraints, i.e., Cy — Ry, but one may find itself in the necessity to
consider additional matrices because the initially selected matrices may not exhaust the whole
information implied by the rank condition. This point shows the great importance of the
choice of the square matrices in this step. A clever choice of these matrices leads to a fast
determination of the universal dynamical constraints. Let us say that it is merely a matter of
skill.

Two comments on the universal dynamical constraints are in order:

First, as N increases by one unit, a further qualitative difficulty appears in the computation
of the universal dynamical constraints. To state the things crudely: the three-body case
is rather trivial compared to the four-body case, this latter in turn is a child’s play when
compared to the five-body case, and the cases N > 6 seem to be intractable for the most
general mass configuration.

Second, the universal dynamical constraints are not of kinematical nature, so we can
ignore them, perform the maximization procedure, and verify a posteriori that they are
numerically verified at the maximum. Nonetheless, the universal dynamical constraints
are extremely important at least for practical reasons. Indeed with these relations at hand
the optimization procedure can be performed over independent parameters rather than
over the totality of the parameters, which makes it much more easier. This is particularly
clear if we have in mind that we deal with nonlinear optimization problems.

Let us now give the explicit expressions of the universal dynamical constraints for the
three-body case [1], the four-body case [2] and the five-body case [18]. We will illustrate our
three-step recipe described above in the three-body case. But since we find this an almost
trivial case, because of not exhibiting the typical difficulties inherent to the procedure, we will
also show how our procedure works in the four-body case in appendix A.

3.1. Three-body case

In this case, we have only one universal dynamical constraint, which may be expressed [1] as

dz —C3
= —, 28
€l 1 — c3dy (28)
where we have made the following change of notation:
€3 1= X123, dy == X132, ey = x21- (29)

Let us apply our three-step procedure described above to recover the result (28).

First step. Using (22) for N = 3 one obtains for the 3 x 3 matrix D the following expression:
| 4 (dy—1)* (e —1)?
D=—|(c—1)? 4 (e + 1) ]. (30)
(c3+ 12 (dp+1)? 4
Each column of D gives rise to one column of the matrix M, so M is also a 3 x 3 matrix
1 0 d—1 e —1
M=—-|c-1 0 er+1]. (31)
c3 + 1 d2 +1 0
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Second step. Let us take here c3 and d, as independent parameters.
Third step. Our rank condition translates here into a single relation
detM = 0,
which gives
c3dre; —c3+dy — e =0.

Solving the last equation for e, one gets (28).

3.2. Four-body case

With the following change of notation,

C3i=X123, C4:=2Xp24, dri=X132, di:=2X134, €2:=2X142, €3:=X143,

Sfii=x31, fai=x34, & i=Xu1, & :=xuj3, hii=xu1, hyi=x3u,,

the seven universal dynamical constraints can be expressed [2] as

3 —C4 —dy+dy+ex+cydry — c3dy — 360 — daer + czdser

ez =
1 —c4 —dp+cady
dy — 3
fi= I —ody’
dy — ¢4 + cady — c3ds
fa= T——s ,
€y — (4
81 = 77—
1-— C4€p
dys+ey —cy — dy + c3dy + cady — c3dy — daeyr — c3dren + c3dsen
8= 1 —dy — cser + cydrer
h1= C3—C4—d2+€2+€4d2—€3€2 ’
1 —c4 —dy+ds+cadr — c3dy — dyer + c3dser
h ey — dy — cuer + c3dy + cadrer — c3dren
)=

1-— Cq4 — d2 + d4 + C4d2 — C3d4 — d4€2 + C3d4€2 ’

(32)

(33)

(34)

(35)

The reader interested in application of our three-step procedure to the four-body case may find

full details in appendix A.

3.3. Five-body case

If we make the following change of notation in the five-body case,

€3 = X123, C4=X124, C5=2X125, dr=2Xx132, ds=2x134, ds=2x135,
e = X142, € =X143, €5=2X145 J2=2X152, f3=2X153, Ji=X154,
81 =X231, 84=2X234, 85=2X035 hi=2x1, h3=2xu3 hs=2x4s,
J1=2Xo51, J3=2X053, Ja=2Xo54, ki=2x341, ka=2x32, ks=x35,
I =x351, l=x352, la=12x354, N1 =2X451, N2=2X452, N3 =X453,
the 21 universal dynamical constraints [18] then read

c3dyer — c3dy — c3en +c3 —daer +dy +cadr —dyr + €3 — ¢4

e3 = s
(1 —c)(1 —dy)

cs + i
Hh=

C 1+ jies

(36)
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Jics — ¢sdy ji — c3ds + jiczds +c3 —ds ji — c3ji1 — dy +ds + i

= . ;
(1 =da) (1 + jics)
Jicaes — Csepji+ 4 — escq — Caji —esj1+ jics —ext+es + i
Ja= - ,
(1 —e2) (1 + jics)
o Cc3 — d2
&= C3d2 —1 ’
_ cadyr — c3dy — ¢4+ dy
4= 1-— C3d2 ’
drcs — c3ds — c5 + ds
g5 = 9
1-— C3d2
€ — C
hy =2
1-— Cq€
h C4d2 — C4 + C3d2 +er + d4 — C3€2d2 — C3d4 + C3d4€2 — d4€2 — d2
3= s
(I —d>) (1 — cyqe)
C5€) — C4€5 — C5 + €5
hs = ;
1-— Cq€
. adsji —cdaji —c3ds+ezdy + i +esji —esdaji —dsji+ds — dy
J3 = s
1+c¢5s —dy — does
= Ji+J1€5 — es5]1 +Cae5]1 — Caerj1 — C5€x]1 — C4e5+ €5 — €2+ Ch€)
4 1+C5—62—C5€2 ’
ki — c3—cC4 —dy+ ey — 36 +cady
= 1-— Cq — d2 +d4 — C3d4 +C4d2 — d462 + C3d4€2’
k> — ey — dy + c3dy — caey — c3drer + cadren
2 1-— Cq4 — dz +d4 — C3d4 +C4d2 — d4€2 + C3d4€2’
ke — es — ds + c3ds — cses — dhes + dsey — czdsen + cadres
> 1 —c4 —dy+ds — c3dy + cady — dyer + c3dser
- 3 —dy+ j1 —c3ji+esji — csda
1= . N . )
1l —dy +ds — c3ds + csji — dsji +c3ds i — ¢sda i
I Cs —d2+j1 +C3d2—C5d2—C3d2j1
2

1 —dy+ds — c3ds + cs ji — ds ji +c3ds ji — csdaji
ly = {(ds(c3 — D(ea = D(j1 = D+ (1 —da)((ca — Des — D1 — 1)
—cs(ea— D1 — 1) — (T +ces)ez — 1)/((1 —ex)(jiles + (1 — do)
+ds(1 —c3)(1 = j))+ (1 —d)(1 — jO)},

C4— e+ J1 —C4J1 +C5]1 — C5€2 )1

= 1 —e) tes —C4€5+C5j1 —€5j1 +C4€5j1 —C5€2j1 ’
- ¢s — ey + ji + 4y — Cs5€0 — Che2 ) 7
I —ey+es —caes +csj1 — esji +caesji — csea i
n3 = {((ex — D((c3 = D(ds —d5)(j1 — D + ji(cs — D(dr — 1)

+(dy — DA+ j) + (cs — D(d2 = D(Gi — D)/ (A — da)
x (I —e)(I+esj)+es(I —ca)(1 —dr)(1 = ji))} (37

3.4. Particular configurations for the six-body case

As we have already noted, the calculations to obtain the universal dynamical constraints in the
most general case become intractable from the six-body up. For N > 6 the universal dynamical
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constraints can be computed only for particular mass configurations. For the simplest such
case, i.e., the six-body case, we can treat the configurations where up to three different masses
are involved, i.e., the configurations (my, my, 4ms) , (my, 2my, 3ms), 2my, 2m,, 2ms), if we
restrict ourselves to two-body interactions depending only on the constituent masses. The full
details of the derivation of the corresponding universal dynamical constraints are included in
appendix B, together with a discussion about how our general method can be adapted to work
out the universal dynamical constraints when symmetries are present, i.e., for particular mass
configurations. In the following, we will simply give the relations implied by the symmetries
of the problem, together with the computed universal dynamical constraints.

34.1. (my,my,4ms3). Using symmetry arguments, it is easy to convince oneself that there
are only three independent b;,

by, by, b3 = by = bs = be, (38)
four independent a;;,

a, 13 = di4 = di5 = die, 3 = A4 = d25 = 426, d34 = A35 = A36 = A45 = d46 = d56,

(39)
five independent parameters x;; x,
X12,3 = X12,4 = X12,5 = X12,6 = C, X132 = X142 = X152 = X162 = d
X134 = X135 = X13,6 = X14,3 = X145 = X14,6 = X153 = X154
= X156 = X16,3 = X16,4 = X165 = €
(40)

X231 = X041 = X251 = X261 = f

X23,4 = X235 = X23,6 = X243 = X245 = X24,6 = X253 = X254

= X256 = X26,3 = X26,4 = X265 = &,
and all the other parameters x;;; are equal to zero. In this case, we have two universal
dynamical constraints which we can use to express f and g in terms of ¢, d and e:

c—d c—e—cd+ce
f

= —, = 41
cd —1 § cd —1 “h

3.4.2. (my,2m,, 3m3). Here, again by symmetry arguments, we have three independent b;,
by, by = b3, by = bs = b, (42)

five independent a;;,

ap = aiz, a4 = ais = die, A23, dog = Az5 = Ure = A34 = U35 = 436, a5 = dae = ds6,  (43)

seven independent parameters x;; i

X12,3 = X132 = C,

X124 = X125 = X12,6 = X134 = X135 = X136 = d,

X142 = X143 = X152 = X153 = X162 = X163 = €,

X14,5 = X14,6 = X154 = X15,6 = X16,4 = X16,5 = f,
(44)
X24,1 = X251 = X26,1 = X34,1 = X351 = X36,1 = &,

X24,3 = X342 = X253 = X352 = X26,3 = X36,2 = h,

X24,5 = X246 = X254 = X256 = X26,4 = X26,5 = X34,5 = X34,6

X354 = X356 = X36,4 = X36,5 = I,
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and all the other x;; ; are equal to zero. Here we have three universal dynamical constraints
which allow us to express g, & and i in terms of ¢, d, e and f:

d—e I c+de—e—ce . d+df — f—de
_ = ———.

- de — 1

= —, = 45
de — 1 de — 1 43)

8

’

3.4.3. 2my,2my,2m3). Using once again symmetry arguments, it is easy to conclude that
there are three independent b;,

by = by, b3 = by, bs = bg, (46)
six independent a;;,
ap, d13 = a4 = ax = an, d15 = a16 = dzs = da6, A34, A35 = A36 = d45 = d46, d56, 47
nine independent parameters Xx;; k,

X13,2 = X142 = X23,1 = X24,1 = C,

X134 = X143 = X234 = X043 =d,

X135 = X13,6 = X145 = X14,6 = X235 = X23,6 = X245 = X246 = €,

X152 = X16,2 = X25,1 = X26,1 = /s

X153 = X154 = X163 = X16,4 = X253 = X254 = X263 = X264 = &, (48)
X156 = X16,5 = X25,6 = X26,5 = h,

X351 = X352 = X36,1 = X362 = X45,1 = X452 = X46,1 = X462 = I,

X354 = X364 = X453 = X463 = J,

X356 = X36,5 = X456 = Xa6,5 = K,

and all the other x;; ; are equal to zero. In this latter case, we have four universal dynamical
constraints which we can use to express f, g, j and k in terms of ¢, d, e, h and i:

_c+i+ei—ci _ e+i
F="Tva 8T ixa @)
j:e+di+i—d k:h—e+ei+ehi
1+e ’ l+e

4. Special configurations

Let us now consider in turn the three special configurations (N x m), i.e., an N-body system
with the N particles having the same mass m, (N — 1) x m, M), i.e., an N-body system
with N — 1 particles with the same mass m and a particle with mass M, m # M, and
(n xm,n’ x M), i.e., an N-body system with n particles with the same mass m and n’ particles
with the same mass M, with m # M, n+n’ = N, and both n and n’ greater than 1. We
will work in the hypothesis where the two-body potential depends only on the masses of the
constituent particles. Here, the symmetry properties are sufficient to entirely determine the
universal dynamical constraints for these three particular configurations. In addition to this
fact, we have been able to prove [17] analytically the saturation of the optimized lower bound
in the harmonic oscillator case for these same particular configurations. A separate detailed
paper [17] is devoted to the analytical proof of saturability, including in particular the explicit
computations of both the optimized lower bound and the ground state energy, in the harmonic
oscillator case for the three special configurations mentioned above. So we will be very
brief here.
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4.1. (N x m) configurations
In this case
my=my=---=my=m, (50)

and the system is invariant under any permutations of the N particles. This results in a single
a and also in a single b,

a;jj = a, i<j=1,...,N, (29
bi =b, i=1,...,N, (52)

and all the parameters x;; ; must be equal to zero
xijx =0, i<j=1,...,N, k=1,...,N, k#i, k#j. (53)

Thus we have no parameter to adjust, one distinct value a for a;; and one distinct value b for
b;. The N + N (N — 1) /2 relations obtained by identifying both sides of (5) reduce here to
two relations, i.e.,

(N_l)a+b=i, Laswm=o. (54)
2m 2
The linear system of equations (54) admits
-2 P (55)
Nm 2Nm

as a solution. Let us consider the case of a power law potential, i.e., a two-body potential of

the form
v(rij) = Arf (56)

with A and v of the same sign. Then the optimized lower bound E,, (14) simplifies in this
particular case to

lj’

N(N = 1)

Eolb=T<N—m> Az E@ (1, sign(v), v), (57)

where E® (a, A, v) denotes the ground state energy of the two-body Hamiltonian
H? = ap® +r’, (58)

and sign(v) denotes the sign of v. To obtain (57), we make use of the scaling laws for power
law potentials [13—16] which state, among other things, that the energy levels of a two-body
Hamiltonian of the form (58) scale as

E@(a, h,v) = a® [A|7 EQ(1, sign(v), v). (59)
In the harmonic oscillator case, i.e. for v = 2,

E®(1,1,2) =3, (60)
and (57) simplifies to

Eop =3N (N — 1)\/ (61)

On the other hand, one can show [17] that the ground state energy of the N-body harmonic
oscillator is also given by (61). This means that the optimized lower bound is saturated, i.e.,
equal to the exact result, in the harmonic case for the particular mass configuration (N x m).
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4.2. (N = 1) x m, M) configurations

One can always, without loss of generality, number the N — 1 particles with the same mass m

from 1 to N — 1 and the single particle with mass M by N, that is,
mpy=mpy=---=npy_1=m, mN=M. (62)

Under the conditions specified above, the system is invariant under any permutations of the
N — 1 particles with the same mass m. This results in the following relations,

a,-jzamm l<]=1,2,,N—1, aiN = mpm l<N, (63)

by=by=---=by_1=Db, (64)
and

Xijx=0 i<j<N, k#i, k#],

(65)

Xing =4 i <N, k#i, k#N.
We have thus only one variational parameter £ to adjust and two distinct values a,,,, and a,,
for a;;.

The N + N (N — 1) /2 relations obtained by identifying both sides of (5) reduce here to
four relations, namely,

poN-2 1 N-2, ]

4 Amm 4amM 4 amm = va
be 4 N —1 1
N —amM = S5,

1 4 M 66)
2b — Eamm +Llany + ZzamM =0,

N -2

b+bN—§amM— La,y = 0.

Equations (66) may be considered as a system of linear equations with four unknowns

Amms Amm, b, by and one parameter £. The resolution of this system is trivial and gives

for a,,, and a,, )y the following expressions in terms of the parameter £:

L+1)EN =30+1+N)M — (£ — 1)’m

(UN + N —20)2mM ’

(N—1)m+M

(UN +N —=202mM’

Let us consider as an example the case of a two-body interaction described by a power law

potential

(67)
amm (€) = 2

vmm(rij)z)‘«mmr,'v]'mm7 i<j:1,2,...,N—1,
‘ (68)
U (Fin) = Ammrin" i=1,2,...,N—1,

where the real A, and X,,3 have the same signs as v,,,, and v,, s respectively. The optimized
lower bound E;, reads in this case

Eolb = mgax E(Z), (69)

N—-1D(N -2
E(Z)::—( )2( )

£ (N = 1) Pt | 5050 (g (€))7 EQ (1, sign(Wpupg)s V). (70)

2 _Vmm_ .
|)"mm | Z+vmm (amm (ﬂ)) vmm+2 E(Z) (19 Slgn(vmm)a me)
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To obtain (70), we have made use of the scaling laws (59) for power law potentials.
In the harmonic oscillator case, i.e.,

Vij (i) = Vi (7i) = A i<j<N, an
Vin(rin) = Vi (Pin) = Amm iy i <N,
it is more convenient to work with a new parameter / related to the parameter £ by
N-2)(1-¢
h:= ( )( ) . (72)
Q2Q-N)A-0+2(N—-1)
In terms of the new parameter % (72), a,, and a,,p read
2 2((N —1m+M
i (h) = _ AW Um Dy, (73)
(N—1m (N—-22*N-1)mM
((N—=Dm+ M) )
mm(h) = ——— (1 + h)~, 74
an ) = = (L) (74)
and the optimized lower bound E,, (69) takes the form
Eop = max E(h), (75)

where, taking into account of the result (60),

B ~ (N —2) 2 B 2(N-=Dm+M)
E(h) = 3(N 1)<—2 M\/(N_l)m N =20 — Dl

2mM(N — 1)2

+ ig [ = Dm+ M f +h)2>. (76)

Here the maximization implied by (75) can be worked out analytically, and one can show
[17] that the value A of & corresponding to the optimized lower bound, which is obtained by
equating the derivative of E(h) (76) with respect to / to zero, is given by

ho= (N — 1 M At 77
0= ) (N = Dm+M\ (N = Doy + 2mps a7

Substituting i (77) in E (h) (76) one gets for the optimized lower bound Ep, (75) the following
expression,

3 N — DAym + Ap Am N —1 M
E01b=E<ho>=E{(N—2)\/( )m * M+/mM\/( A)d’”* } (78)

which is identical to the N-body harmonic oscillator ground state energy [17]. Thus the
optimized lower bound E,, (78) is saturated for harmonic forces. The interested reader may
consult [17] for details.

4.3. (n x m,n’ x M) configurations

Here both n and n’ are greater than 1, which means that the system is at least a four-body
system. We can always number the n particles with the same mass m as 1,2, ..., n and the
remaining n’ particles with the same mass M asn+1,n+2,..., N. Of course n +n’ = N:

my=my=---=m, =m, Mpp) =Myyy = -~ =my = M. (79)
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Since the system is invariant under any permutations of particles with the same mass,

dajj = Amm, i< _] < n,
aij = amM i=1,...,n, j=n+1,...,N, (80)
ajj = amm, n<i<j<N,
by =by=---=by=Dbp, bui1 = bpia = -+ = by = by, (81)
and
Xijg =0, i<j<n or  n<i<j<N,
xij,qze, i=1,...,n, j=n+l1,...,N, 1<q<n,q#Ii, (82)
Xijq = D> i=1,...,n, j=n+1,...,N, n<q<N, q#]j.

Thus, here we have two different values, b,,, by, for b;, three different values, a,,,,, Ay, Ay,
for a;;, and two parameters, £ and p, to adjust. The N + N(N — 1)/2 relations obtained by
identifying both sides of (5) reduce in this case to the following five relations:

by + 21— 1) +”/(£2( 1+ Dty = —
m 4 n Amm 4 n amm = 2m»

1
by + Z(p%n’ = D)+ Dag + 70 = Dawyy = 50—

1 02
2b,, — > G + <E + E(n - 2)> n'any =0, (83)

1 P,
2by — S dmm +|lp+ 7(" —=2) | naum =0,

B + by + %((n' —Dp—1—Lmn—1)+pln — 1)@ — 1)any =0.

Equations (83) can be considered as a system of five linear equations with five unknowns,
Amms Amm s Apm s b, bpyr. Solving this system, one gets for a,,,, @,y and ayy the following
expressions in terms of £ and p:

(n—npn’ + pn+2n' —2n" +nln’)(1 — pn' + p +en" )M — (£ — 1)’n'm
(' +n —&n' +nln’ — npn’ + pn)2mM

amm(zz P) =2

(84)

n'M +nm
(W +n—L€n' +nln’ —npn’ + pn)2mM’

amm (£, p) =2 (85)

(1 —€+nl— pn)(nen' —en’ +2pn —npn’ +2n+nYm —n(p + 1)*M
(n’ +n —€n' +nln’ — npn’ + pn)?mM '

ayu(€, p) =2
(86)

Let us consider again the case of a two-body interaction described by a power law potential,
that is,

v, . .
vmm(rij) =)"mmri1{m”’ i<j=12,...,n,

va(rij)z)\.mMr;},"M, i=12,...,n, j=n+1, n+2,...,N, 87)

V. . .
vmm (rij) = kmmri"™ i<j=n+l, n+2,...,N,
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where Ay, Amy and Ayyy have the same signs as vy, Vyy and vy respectively. Then the
optimized lower bound E,, reads

Eop = max E(¢, p), (33)
P

where
_2 _Vimm_ .
E(, p):=1n (= 1) Dy | ™ (@ (€, p))om= EP (1, signWmmm), Viam)
2 YmM. .
+ 01 Dupt |0 (s (£, p)) o ED (1, sign(Wpr), Vinnr)

A0 = D)o T (@ (€, p)) e EQ(L, sign(yag), vum),  (89)

and we again make use of the scaling laws (59) for power law potentials. In the harmonic
oscillator case, i.e., for

Vii(@ij) = Voum (1)) = Dot i<j=12....n,
V[j(Tij):VMM('rij):)"MMr,‘Zj i<j:n+1, n+2,...,N, (90)
Vij(rij)ZVmM(riN)z)‘-mMrizj i=1,2,...,n, j=n+1, n+2,...,N,

it is more convenient to work with new parameters /. and ¢ defined in terms of the original
ones ¢ and p by the following relations:

mn—DN —-n)(1 -2
- (N=n)1 =0 +nN—-n)€—p)+n(l+p)’
_ n(N—-—n—-1(1+p)
T WomU—0O+aN—ml—p +nd+p)

h O

92)

In terms of the new parameters 4 (91) and ¢ (92), aym, amm and ayy can be re-expressed as

2 2(nm+ (N —-—n)M) ,

G (B, €) = nm n(N —n)(n— 1)2th ' )
_ nm+ (N—n)M 2

amm(h,c) = —2n2(N — n)2mM(1 +h+c), %94)

g (h. ) = 2 2(nm + (N —n)M) 5 95)

(N—mM  n(N—mN —n—1>2mM‘"

It is easy to see that, when expressed in terms of # and ¢, E (£, p) (89) takes the following
form,

3 [2 N —nm)M
E(h,c) = 3 (n(n = DV m %\/1 _ (]i\ilm_+n()(n _nl))thz
2(nm+ (N —n)M)
+m\/ mM \,/(1"'}’7"'6)2
(N —m(N —n— 1)\/MTM\/;\/1 - M62>, (96)

(N -mM n(N—n—12m

where we have made use of the result (60). The optimized lower bound E,, (88) then reads
Eop = n}}ax E(h,c). o7

Here again the maximization procedure implied by (97) can be worked out analytically [17]
to the end. One can show [17] that the values kg, of A, and ¢, of ¢, corresponding to the
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optimized lower bound, obtained by equating to zero the partial derivatives of E (%, ¢) (96)
with respect to /2 and c, are given by

oo M Pt 98
0=( n)(n —1) nm + (N — )M\ nhpm + (N — 0)Apus o

m \/ )"mM
co=n(N—-n-—1)_ | . 99)
nm+ (N —n)M\ (N —n)yy +nrnym

The optimized lower bound Ey, (97) is then given by
Eon = E(ho, co). (100)

Replacing h( and ¢y by their respective expressions (98) and (99), one finally gets for the
optimized lower bound the following expression,

Eqp = E(/’lo, o) = i ((l’l _ 1)\/ mm t (N nAnm

NG
\ i nm+(N—n)M \/n)\mM"'(N_n))\MM)’

M
(101)

which is nothing but the ground state energy of the N-body harmonic oscillator obtained in [17]
for the mass configuration (n x m, (N — n) x M). This means that the optimized lower bound
is saturated, i.e., the optimized lower bound is equal to the ground state energy, for the N-body
harmonic oscillator in the case of mass configurations of the type (n x m, (N —n) x M).
Still the interested reader is referred to [17] for more details.

5. Conclusion

We have presented in this paper a general methodology for obtaining lower bounds for the
ground state energy of an N-body Hamiltonian obeying non-relativistic kinematics and with a
potential energy consisting of a sum of two-body contributions. Under these two conditions,
one is able to derive such lower bounds for arbitrary N.

The starting point is a particular decomposition of the kinetic energy term (5) involving
N+N(N—1)/2+N(N —1)(N —2)/2 parameters constrained by N + N (N — 1)/2 conditions,
which can be used to express N + N(N — 1)/2 parameters in terms of the remaining
N(N — 1)(N — 2)/2 = Cy ones. This means that we are faced with a decomposition
involving Cy arbitrary parameters. Then making use of the well-known invariance of the
ground state under translations and of the variational principle, one ends with a lower bound
which has the original property to depend on Cy arbitrary parameters. For each set of
values of these Cy parameters, one obtains a lower bound for the Hamiltonian ground state
energy. The best of these lower bounds, one which is nearest to the ground state energy, named
optimized lower bound, is obviously the maximum of these lower bounds. We are thus involved
with a maximization problem over Cy variables. We have shown that the values of the Cy
parameters corresponding to the optimized lower bound satisfy Cy — Ry relations, which have
the nice property to be independent of the particular form of the potential. We named these
relations universal dynamical constraints. The calculations leading to the universal dynamical
constraints are tractable in the general case up to N = 5, thatis, for N =3, N =4, N =5,
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where we obtain respectively 1,7, 21 constraints. For N > 5,ie. for N = 6,7, ..., the
calculations are intractable in the most general case, but can be worked out when the system
exhibits a sufficient degree of symmetry. In these cases symmetry arguments allow one to
determine a number of these constraints and the remaining relations are then worked out.
As a general rule, the number of universal dynamical constraints obtained, other than those
determined by symmetry considerations, is the number of independent parameters minus the
number of independent a;; plus 1. There are cases where the symmetry conditions alone allow
one to determine completely the constraints. These are the three configurations (N x m),
(N —1) xm, M) and (n x m,n’ x M), with both n and n’ greater than 1. The universal
dynamical constraints are very useful since they may be implemented from the beginning
before working out the optimization procedure, simplifying it considerably. This remark takes
its whole significance if we have in mind that we deal with a nonlinear optimization problem.

Our preliminary investigations show, on the one hand, that the optimized lower bound is
always better than other lower bounds derived earlier [19-27]. (We will discuss this point in
detail in a forthcoming paper [28].) On the other hand, the optimized lower bound proves to be
identical to the ground state energy, i.e., the optimized lower bound is saturated, in the case of
the N-body harmonic oscillator for all the mass configurations we have considered and we are
convinced that this is a general property. But, although the property of saturability has never
been taken by default, this is only a numerical evidence for saturability and does not constitute,
strictly speaking, a mathematical proof of saturability. Moreover, to our knowledge, there is no
analytical proof of saturability of the optimized lower bound in the harmonic case. Recently
we succeeded to fill partially this gap. Indeed, we have given an analytical proof of saturability
of the optimized lower bound in the N-body harmonic oscillator case for the particular mass
configurations (N x m), (N — 1) x m, M) and (n x m,n’ x M), with both n and n’ greater
than 1, but for arbitrary N.
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Appendix A

Let us adopt here the same notation as in subsection 3.2, i.e.,

€3 = X123, C4:=2X124, dr:=2X132, di:=X134, €:=2X142, €3:=X143, A1)

fii=2Xx031, fai=2X34, g1:i=Xu1, & :=2Xu3 hii=2x31, hyi=x3u,,

and apply step by step the procedure described in section 3 in order to retrieve the universal
dynamical constraints in the four-body case (35).

First step. The 6 x 6 matrix Dis given by

4 (=12 (e2—1> (fi—=D* (g1—1% (h —hy)?

(c3 — 1)? 4 (e3—D* (Ai+D* (g1—g)° (i —1?

s_ 1| -1 @-1? 4 (= f @+ (m+1)’

T4 @D @@+ D) (e—e3)? 4 (g—1D* (ha—1)2

(c4+ D (d—dy)? (e+1?  (fs—12 4 (hy +1)?
(c3—c)? (it 1) (e3+D*  (fait D (g+1)? 4

(A2)
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Each column of the 6 x 6 matrix D gives rise to two columns of the matrix M. For instance,
the derivative of the first column of the matrix D with respect to ¢3 gives rise to the first column
of the matrix M, the derivative of the first column of the matrix D with respect to ¢4 gives rise
to the second column of the matrix M, the derivative of the second column of the matrix D
with respect to d, gives rise to the third column of the matrix M, and so on. The 6 x 12 matrix
M obtained in this way is then given by

~ 1
M:
2
0 0 d, — 1 0 e — 1 0 fi—1 0 g1 —1 0 hy —hy hy —h
c3— 1 0 0 0 0 es—1  fi+1 0 g1—8 g—g& h—1 0
0 -1 0 d-1 0 0 fi—fi fimfi @+l 0 hy+1 0
Vessl 0 b+l 0 er—es es—er O 0 0 g1 0 Il
0 i+l d—d di—d e+l 0 0 fi—1l 0 0 0 hy+1
C3—C4 C4—C3 0 dy+ 1 0 ez +1 0 fat+1 0 g +1 0 0

(A.3)

Second step. Before going further, let us note that since two matrices differing by an overall
multiplicative factor have the same rank, we find it more convenient to work with the matrix
2M than w1th the matrix M itself. We find it also convenient to refer to the two columns of
the matrix 2M containing c¢3 and ¢4 as block C, to the two columils containing d, and dy4 as
block D and so on. Consider the first three blocks of the matrix 2M, namely the blocks C, D
and E. Six parameters are involved. Choose five among them, for instance c3, ¢4, d», ds and
e, as independent parameters.

Third step. Now take the C, D and E blocks. You obtain in this way the following 6 x 6
matrix:

0 0 d2—1 0 62—1 0

C3—1 0 0 0 0 63—1
0 C4—1 0 d4—1 0 0

c3+1 0 dr + 1 0 e —e3 e3— e (A4)
0 C4+1 dz—d4 d4—d2 €2+1 0

C3 —C4 C4—C3 0 ds +1 0 e3+1

Calculate the determinant of this matrix, which we will refer to as CDE and put it in a
factorized form. The result is

CDE = —(C4d2€3 —dhes — cady +2¢c3dy —dy — 4 — 3 — dy — c3dy — e3 +2dses — e

— 36y + c3dyer — dser — ¢4 — cqe3 +2c462)(dr — dres — cady + cadres — c3

—dy+c3dy +e3 — ey +c3ex +dsey — czdaey — cae3 +Cy). (A.5)
Equate C DE to zero. This results in either
C4d2€3 — d2€3 — C4d2 + 2C3d2 — dz —4 — Cc3 — d4 — C3d4 — €3

+2dsez — ey — c3ey + c3dser — daey — ¢4 — cge3 + 2c4ep =0, (A.6)
or
dr — dre;3 — cady + cadres — c3 — dy + c3dy + €3 — ex + c3er + dyen

—c3dser — cgez +c4 = 0. (A.7)
On the one hand, the first solution (A.6) clearly does not conform with the equal mass case
since, due to the presence of 4, it is not homogeneous in the parameters and must be rejected.

On the other hand, one can solve (A.7) for e3 and gets the first universal dynamical constraint

C4d2 — C4 — d2 — d4€2 + d4 — C3d4 +e+c3+ C3d4€2 — C3€)
e3 = . (A.8)
(1 —c)(1 —dr)
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To determine the second and third constraints, construct two 6 x 6 matrices by taking the
blocks C, E, F for one of them and the blocks D, E, F for the other. Calculate their respective
determinants CE F and DE F. In both cases the determinant factorizes as the product of two
terms, one of which cannot be put to zero since it does not conform with the equal mass
case. This is a general feature which reproduces itself in the following. Thus CEF = 0 and
DEF = 0 give, respectively,

esfi —es+ces —caesfi— fi—cfiter—excataerfi+caefi+ fu

tafi—aefi—efi=0. (A.9)
—erfi —ex+tdyer fi+daey — fa+ fi —drfa+drfi +ez+esfa+dresfs
—dhes f1 — dyes fi — dyez = 0. (A.10)

Taking into account the expression of ez, (A.8), (A.9) and (A.10) can be put, respectively, in
the form

{((ea = 1)(—c3 + c3ds + ficady — cado + c4 — ficzds —ds — fi + fa —cafi

tesfa—cafada+ s fidy — dy fa+ dyfi +da))/(da — 1)} = 0. (A.11)
{((dy — 1)(e2 — 1)(dy — c3ds — fiezda+dafi+c3 —cy —da

—caf1+cady +c3 fady + fieady — c3 fida — f4

—dyfs+csfa+ f1))/((d2— D(cs — 1)} =0. (A12)

In (A.11) e, — 1 cannot be put to zero since e, has been taken as an independent parameter. It
follows that the second factor in the numerator on the left-hand side of (A.11) is necessarily
Z€ero, i.e.,
—c3+c3dy + fieady — cado + ¢y — fiezdy —da — fi + fa—cafi

+c3fs —c3fady +c3fidy — dr fa+dsfi +dy = 0. (A.13)
In the same manner neither dy — 1 nor e, — 1 in (A.12) can be put to zero since d4 and e, have
been taken as independent parameters. So the third factor in the numerator on the left-hand
side of (A.12) necessarily vanishes, i.e.,
dy — c3dy — fiesda +dafi+c3 —ca —dy — ca fi + cudy

+e3fady + fieady — 3 fidy — fa —da fa+c3fat f1 = 0. (A.14)
One can solve (A.13) for f; and gets
c3dy — c3 + ficady — cado + ¢y — ficzdy —dy — f1 —cafi+c3 fidh +dafi+do

f4: —1—c3+c3dr+ds
(A.15)
Substituting for f4 in (A.14) its expression (A.15), one gets
—fi+ dr —c3+dy) (—c3dy+c3 —dy +cady + dy —
2( fi+csfidy — c3+dy) (—c3dy +c3 — dy + cydy + dy C4)=0_ (A.16)

(=D (c3+1)
In (A.16) the factor —c3dy + ¢3 — dy + c4dy + dy — ¢4 cannot be put to zero since it involves
only independent parameters. Hence the first factor in the numerator on the left-hand side of
(A.16) necessarily vanishes, i.e.,
—f1 + C3f1d2 —c3+dy =0. (A.17)
Solving (A.17) for fi, one gets a second universal dynamical constraint
Cc3 — dz

_ _ A18
S It ods ( )
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Substituting (A.18) for f; in (A.15), one obtains a third universal dynamical constraint, namely,

c3dys — cadr +c4 — dy
= . A.19
Ja Tt ods ( )

To get the fourth and fifth constraints, we need two more 6 x 6 matrices. Construct one
of them by taking the blocks C, D, G and the other by taking the blocks D, E, G. Putting
CDG = 0and DEG = 0, and rejecting in each case the solution which does not satisfy the
correct limits, one obtains respectively

cadr g3 — cag3 +dags — g3 — dy + c3da +dy — c3dy — c3dh gy

—cydrgr + 481 + g1 +c3dsgr —dag1 =0, (A.20)
and
diergs +dags — ergs — g3 — da + g1 — dagi +dy + daes

+dresg) — dses — diesgr +exgy — dserg = 0. (A.21)
Equation (A.20) can be solved for g3,

_dagr —c3dy —da+c3ds +da + cadagr — cagr — g1+ c3da g1 — c3dag

g3 (A.22)

—cs+dy — 1+ cady
Replacing e3 and g3 by their expressions, (A.8) and (A.22) respectively, (A.21) can be put in
the form
2(614 —1)(dy —dr)(c3 — 1) (—g1 —ca +ex +cseagr) _
(dy — D(ea — 1) (1 +cq)
Because we have taken c3, d» and d4 as independent parameters, none of the three factors

dy —1,ds — dy, c3 — 1 can be put equal to zero. It follows that in order to satisfy (A.23), one
must have

0. (A.23)

—g1 —C4teytcgeng = 0. (A.24)

Solving (A.24) for g;, one gets a fourth constraint
—e€) +C4
= —. A.25

81="7, rn ( )

Now substituting (A.25) for g; in (A.22), one gets a fifth constraint
cadyr — ¢4 — dyey — exczdsr + c3dy + c3dser +dy — c3dy — dy + €

83 = . (A.26)

(o — 1) (=1 +c4e2)
It remains to obtain the two last constraints, namely the sixth and seventh constraints.

To this end consider two other matrices. Construct one of them by taking the C, D and H
blocks and the other by taking C, G and H blocks. Putting their determinants equal to zero
and retaining in both cases the solution which gives the correct limit, one obtains, respectively,
c3dahy + c3hy — hy — dyhy + hy + ¢4 — cahy + dyhy — c3

— 63d4h1 + C4d2h1 — C4d2 + C3d2 — C3d2h1 =0 (A27)
and
—g3h1 — hy — cagahy — cahy + hy — cq +cagr + cagihr

+c3hy +c3 — g16‘3]’l2 — gic3 + g3/’l2 + g3C4h2 =0. (A.28)
Solving (A.27) for h,, one gets
c3dyhy + c3hy — hy — dyhy — ¢3 + ¢4 — cady + c3dn

hy = . A.29
! cstezdy —cqdy —dy — 1+ c3dy ( )
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Making use of the expressions for g; (A.25) g3 (A.26) and i, (A.29), (A.28) can be put in the
form
2{((1 + c4)(c4 — c3)(cadrhy + caer — drcaer — cahy — c3dy + exc3dy

— 03d4]’l2 + d2 + h203d462 + d4/’l2 — h2d4€2 — d2h2 —e)+ hz))/

((—c4 — c3ds+cady +dy+1 — C3d2)(—1 +cqe2))} = 0. (A.30)
None of the two factors 1 + ¢4 and ¢4 — c3 involved in the numerator on the left-hand side of
(A.30) can be put to zero, since both c3 and ¢4 have been chosen to be independent parameters.
This means that in order to satisfy (A.30), one must have
C4d2h2 + cqey — d26‘4€2 — C4h2 — C3d2 + 6203d2 — C3d4h2 + d2

+/’l2C3d4€2 + d4h2 — h2d4€2 — d2h2 —é) + hz =0. (A31)
One can solve (A.31) for 4, to obtain the sixth constraint

c3dy — cper + drcser — dy + €3 — exczds

hy = . (A.32)
—c3dy — ¢4 +cady +dy — dyey — do + c3dser + 1

Substituting (A.32) for A, in (A.29), one gets the seventh and last universal dynamical
constraint
cydr —cys —dr — c3e2+ 3+ e

hy = . (A.33)
—c3dy — ¢4 +cady +dy — dyey — do + c3dser + 1

Appendix B

For N > 6 the universal dynamical constraints can be computed only for special mass
configurations. Let us illustrate in the six-body case how our method can be adapted to
work out the universal dynamical constraints for particular mass configurations. We can
treat the cases where up to three different masses are involved, i.e., the configurations
(my, my, 4ms) , (my, 2m,, 3ms), (2my, 2my, 2ms), if we restrict ourselves to two-body
interactions depending only on the constituent masses. Let us consider in turn these three
mass configurations and derive the corresponding universal dynamical constraints.

B.1. (my, my, 4m3)

In this case the kinetic energy decomposition (2) reduces to

1 2 1 2 1 2 1 2 1 2 1 2
—pi+—p5t+—p5+—p;+ —ps+ —
2m1 pl 2m2p2 m3p3 M3p4 2m3p5 2m3p6

= (b1p1 + bapr + b3ps + b3ps + b3ps + b3pe) (p1 + P2 + P3 + ps + Ps + Ps)

apn 2
+ T(pl — D2+ Cp3 + P4 + CPs + CPe)
as
+ T(pl — p3 +dps + eps + eps + ep)”
as 5
+ T(pl — p4 +dps + ep3 + eps + epg)
a3 2
+ T(pl — ps +dpy + ep3 +epy +epg)
a3 5
+ T(pl — Ps +dp> + ep3 + epy + eps)

a3
+ T(pz — D3+ fP1 +gps+gPs + gPs)’
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ans
+ T(pz — ps+ fp1 +gp3 + gps + gps)’
ans 2
+ T(pz —ps+ fp1+8gp3 + gps+ gPs)
ans 2
+ (P2~ P+ fP1+8ps+gps+gps)
asg asq asy
+—(p3 — pa)* + —(p3 — ps)* + — (P3 — Ps)’
4 4 4
asg asg az
+ = (s =P+ == (s = Po)” + = (s — o). (B.1)

Identifying both sides of (B.1), and eliminating b;, b, and b3, one obtains the following set of
equations for ayy, a3, axz and azq with ¢, d, e, f, h and g as parameters,

4 4(d—1)? 4(f —1)? 0
(c—1)? 3e2 —6e+7 2f —6fg+4f2+3g>+1 3
(c+1)? 2d—6de+4d*+3e2+1 3g2 —6g+7 3

0 (e+1)? (g+1)? 4

2,2
an ";‘ ";2
_+_
as ol m m3
Ao |=12.% | (B.2)
my ms3
as4 2

m3
It is easy to see that the values of the parameters c, d, e, f, g corresponding to the optimized
lower bound are such that the matrix

0 8(d—1) 0 8(f—1) 0
2(c—1) 0 6(e—1) 2(1+4f—3g) 6(g—f) B3)
2(c+1) 2(1+4d —3e) 6(e—d) 0 6(g—1) |° '
0 0 2(e+1) 0 2(g+ 1)

must be of rank 3 at most, i.e., any 4 x 4 matrix extracted from the 4 x 5 matrix (B.3) must
be of determinant zero. This results in two relations
c—d c—e—cd+ce
- ’ &= cd —1

(B.4)

B.2. (my,2my, 3m3)

In this particular case, the kinetic energy decomposition (2) simplifies to

2 2 2 2 2 2
—pi4+—p5+ —pi+ —pi+ —pi e+ —
2m b1 2p2 2p3 2m3p4 2ms; Ps 2ms3 Ps

= (b1p1 + baps + bap3 + bypy + baps + baps) (p1 + P2 + P3 + P4 + Ps5 + Pe)
an
o (p1 — p2 + cp3 + dps + dps + dpe)*

apn
+T(p1 — p3 +cpy +dps +dps +dpe)?
aiq 2
+T(P1—p4+€P2+€p3+fP5+fP6)
aig 2
+T(P1—P5+€pz+ep3+fp4+fpﬁ)

ais
+T(p1 —pe+epy+eps+ fps+ [ps)’



7406 K Boudjemaa and S R Zouzou

+ %(Pz - p3)?

+ %(pz — P4+ gp1 +hps +ips +ipg)’

+ a“ﬁ(pz — ps+gp1 + hps +ips +ipe)’

+ %(Pz — P6 + gp1 + hps +ips +ips)’

+ a%(m — P4+ gp1 +hpy+ips +ipe)’

+ %@3 — ps+gp1 + hpy+ips +ipe)’

+ %(m — P6 + gP1 + hpr +ips +ips)’

(B.5)

ass ass ass
+ T(IM —ps)* + T(m —pe)* + T(Ps — pe)”.

Identifying both sides of (B.5), and eliminating b, b, and b4, one gets the following set of
five linear equations for aj», a14, a3, az4 and ays with ¢, d, e, f, g, h and i as parameters

3(2g2—2gh—2g+h*+1)

2=2c+5 3(e—=1)2 1 0
2 2 2 2
(d—l)2 (f2—2f+3) 0 (2g—4gi+3g2+2i2+1) 1
(Qd—2cd++2d*+1)  2e—def+3e’+2f2+1 1 (2h—4i —4hi+3h>+4i*+7) 1
2 2 2 2
ol 0 1 Al 0
+1)? . 2 3
0 Ll 0 (i+1) 2
2 .2
apn ﬂél + ﬂéz
ay s
242
xlas | = | ';‘ P (B.6)
a4 P
ass 2
m3

Here, it is easy to see that the values of the parameters c, d, e, f, g, h and i corresponding to
the optimized lower bound are such that the 5 x 7 matrix

(c=1) 0 3e—1) 0 3g—h—1) 3(h—-g) 0

0 2d—1) 0 2f—1) 2Bg—=2i+1) 0 4Gi—g)
(c—d) @d—c+1) (1—=2f+3e) 2(f —e) 0 (1-2i+3h) 20Qi-h-1|,
(c+1) 0 0 0 0 3(h—1) 0

0 0 0 (f+1) 0 0 26+ 1)

(B.7)

is of rank 4 at most. This means that every 5 x 5 matrix extracted from the previous matrix
by selecting five of its columns must be of determinant zero. This results in three relations
between the values of the parameters c, d, e, f, g, h and i corresponding to the optimized
lower bound, namely,

d—e

_ c+de—e—ce
T de—1"

de — 1

. d+df — f—de
, j=—
de — 1

8 (B.8)
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B.3. (2my, 2ma, 2m3)

Here, the kinetic energy decomposition (2) reduces to
1 1 1
2 2 2 2
— P+ —p5+ —p5+ —p;+t —ps+ —
2m, P 2m, P 2m2p3 2m2p4 3 ps Pe

= (b1p1 + b1p2 + b3p3 + b3ps + bsps + bspe) (P1 + P2 + P3 + ps + Ps5 + Ps)
an 2
+ —_— J—
1 (p1 —p2)
aps 2
+ T(pl — p3+cp2+dps +eps +epg)
aps 5
+ T(pl — pstcpy+dp; +eps +epg)
ais 2
+ = (P1—ps+ fpa+gps+gps+ hpe)
ais 2
+T(P1 — P+ [P2+8gp3 + gpa + hps)
ap 5
+ T(pz — p3 +cp1 +dps +eps + epe)
ap )
+ T(pz — Pyt cp1 +dp; +eps +epg)
ais )
+ = (P2 Ps+ [P+ 8P+ gps+hpo)
ais 5
+ =4 (P2 = Po+ fP1+gPs + gps+ hps)
asq
+—(p3 — pa)’
4
ass . . . 2
+ 4 (Ps = ps+ipi+ipy+ jpa+kps)
ass . . . 2
+ T(m — D6 tip1 +ipy+ jps +kps)
ass , . ; 2
+ T(p4 —ps+ip1+ipy+ jps3 +kpe)

ass . . .
+ (P4 = Po+ipi+ip>+ jps +kps)’

a
+ %(Ps —po)*. (B.9)

The identification of the left-hand side of (B.9) with its right-hand side leads us after elimination
of by, b and bs to a linear system of six equations for the six a, namely ay,, a;3, ais, az4, ass
and asg, with ¢, d, e, f, g, h, i, j and k as parameters

1 (c —1)? (f — 1)? 0 0 0
1 3+cP+c—cd—d+d> 1+2¢—2g—2fg+f* 1 1+42*=2ij+j*=2i 0
5 I l+c?—2ce—2e+2¢* 3+ f1—h+f—fh+h® 0 1+2%+k*+2i—2ik 1
0 (d+1)? 0 1 (j—1)? 0
0 1+d>+2e*+2e—2de 2g—2gh+2g*+1+h* § 3+j*+k*+j—k—jk 3
0 0 (h+1)? 0 (k+1)? 1
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an mi
a3 i
2,2
v Rl I T " (B.10)
asz4 "
ass m% + m%
ase 2

m3
It is easy to show that the values of the parameters c, d, e, f, g, h, i, j and k, corresponding to
the optimized lower bound are such that the 6 x 9 matrix

20— 1) 0 0 2(f = 1) 0
2e+l—d 2d—c—1 0 2f—g) 22g—1-1)
2(c —e) 0 2Qe—c—1) 2f+1—h 0
0 2(d +1) 0 0 0
0 2d—e) 2Qe+1—d) 0 2(1 —h +2g)
0 0 0 0 0
0 0 0 0
0 20— j—1) 2(—i) 0
2h—f—1 2Qi+1—k) 0 2k — i)
0 0 2 — 1) 0 (B.11)
2(h — g) 0 2j+1—k 2k—1—j
2h+1) 0 0 2k + 1)

is of rank 5 at most, i.e., any 6 x 6 matrix extracted from the previous matrix by selecting six
of its columns must be of determinant zero. This results in four relations among the values
of the nine parameters c, d, e, f, g, h, i, j and k, when the optimized lower bound is reached,
namely,

7 c+i+el —ci e+i . e+di+i—d r h—e+ei+ehi
:—. s g: ~, ‘]:—, = —
1+ei 1+ei l+e 1+e

(B.12)

The same pattern occurs for N-body systems with N > 7. The calculations leading to the
universal dynamical constraints are intractable in the most general case, but can be worked
out when the system exhibits a sufficient degree of symmetry, reducing thereby the number
of independent parameters x;;; and the number of independent g;;. It is easy to see that
the number of universal dynamical constraints is the number of independent parameters x;; ¢
minus the number of independent ¢;; plus 1. Indeed, a;; are determined by a matrix equation
similar to (21), where the matrix playing the role of D is a square matrix, whose number of
lines is the number of independent a;;. Each of the parameters x;; x appears in one and only
one column of the square matrix. Now, consider one of the independent parameters x;; x,
select the single column which contains it, and take the derivative of this column with respect
to this same parameter. This results in a new non-vanishing column. Repeating the process for
each of the independent parameters results in a number of columns which is the same as the
number of independent x;; . Putting together these columns, one can construct a p x g matrix,
where p, the number of lines, is the number of independent a;;, and ¢, the number of columns,
is the number of independent x;; ;. The universal dynamical constraints are then obtained by
requiring the matrix obtained in this way to be of rank p — 1 at most, i.e., any p X p matrix
extracted from the p x ¢ matrix by selecting p of its columns must be of determinant zero.




Optimized lower bounds 7409

This results in ¢ — p + 1 conditions among the parameters, i.e., ¢ — p + 1 universal dynamical
constraints. This general rule is verified in particular for the three particular configurations
of the six-body system considered above. Obviously, the above rule supposes the number of
independent parameters x;; ; greater than or equal to the number of independent a;;. Now,
what happens when the number of independent parameters x;; x is lower than the number of
independent a;;? Here, there are no further universal dynamical constraints at all, other than
those deduced from symmetry arguments. For N-body systems, with arbitrary N, this situation
occurs only for three particular mass configurations, considered in detail in section 4.
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